Using Green tunction method and Feynman diagram techniques, we caiculate the canonical velocity correlation function for independent electrons interacting with static impurity scattering centers. For low impurity density, we obtain three kinds of term showing power-law decays at long times. One behaves as 1/1 and is of 0( h/ EFr) at I= r (£,-: Fermi energy; r: relaxation time of electron), which is related to the Anderson localization. The other two terms behave as 1/ t' and are of 0( h/ EFr) and of 0( n,A') ( n,: impurity number density; A: scattering cross section) respectively. A half of the term of O(ncA') originates from a classical process-we show that the result agrees with that of the classical Lorentz model and the other half from a quanta! process. § 1. Introduction A decade ago, Ernst and Weijland 11 calculated the velocity correlation function (VCF) in the Lorentz model, where a classical particle moves around scatterers with a hard core. Using the low density expansion in the number of the scatterers, they found in the expression of the VCF a term giving <v( t)· v(O )> ~ 1/t 2 at long times in two dimensions (d = Z ). *> This is an example of correlation functions which shows a power-law decay at long times (or long time tail (LTT)); it is contrary to the usual expectation that a correlation function of a physical quantity will decay exponentially in time at long times. Concerning a quanta! particle Onuki 21 evaluated the conductivity 6( w) of independent electrons interacting with static impurity centers via a short range potential. To do this he used the Wigner representation and employed the low impurity-density expansion. Note that 6( w) is related to the canonical VCF for independent electrons by
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where n is the electron density (from now on we simply call < v( t ); v( 0 )> the VCF ). Then we can observe that corrections to 6( w) obtained by him indeed include a term which leads to the L TT in the VCF,
; moreover the prefactor of the power-law agrees with that of the L TT in the VCF in the classical Lorentz mode1.*** 1 Despite these efforts of about ten years ago, it is now well known that the most singular correction to 6( w) is, in d = 2, proportional to lnw at the lowest non-trivial order in the low impurity-density expansion. 31 and this leads to another LTT in the VCF of the
Furthermore it is widely accepted that this singularity lnw *l In addition to the low density expansion, "the ring approximation" was also employed in the calculation of Ref. 2 • We note that the jwocesses (Fig. 2) giving the latter term are relevant in some cases. In fact, treating these processes self-consistently. Gotze and Leutheusser considered a percolation edge of a classical particle, a transition from normal diffusion phase to nondiffusion phase. 4 ) And Belitz et al. discussed the crossover from the Anderson transition to the percolation transition and vice versa due to the change of the ratio of the potential range relative to the particle wavelength. 5 '
Therefore we will calculate corrections to the VCF for the electrons moving around static impurity centers with density n; at T~O, in order to find out consistently botL corrections showing the L TT: One representing the precursor effect to the Anderson iocalization and the other having classical character. For this we evaluate the corrections to the conductivity o( w) in the power series expansion in n;. Then we shall find two sorts of dimensionless small parameters, h/EFr and n;A'\ where EF is the Fermi energy of the electrons, r is the relaxation time of the electrons due to the impurity scattering and A is the total cross section of the impurity potential. We will restrict ourselves to obtaining the corrections up to the order O(h/EFr, n;A The Green function method and the Feynman diagram techniques are then employed. Our final result for the VCF is
.
. :-_1 in d = 2, where the second and third terms on the right-hand side are the rigorous expressions for L TT at the order 0( h/ E Fl'. n ;A 2 ).
The second term represents the precursor effect to the Anderson localization. The third one consists of two kinds of contributions as >ve shall see shortly § 2.
Calculation of t5 ( (t))
Let us now look into the details of the calculation. The conductivity o( w) can be expressed in terms of the Green function of the Shrodinger equation with a random potential: 6 ;
where c:" (EF) and G2p·(EF) are retarded and advanced Green functions, respectively, the bracket < · · > denotes averaging over the possible locations of the impurity centers. and the spin degeneracy is neglected.
To evaluate Eq. (3), we first calculate the self-energy of the Green functions. We assume the reciprocal mean free time h/ r to be small compared with E F, and employ the "cross technique" of averaging to calculate the average value. The broken line refers to t pp(EF± io ).
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Here t PP (z) is the element of the t-matrix defined by i( 2 ) / (1-iwr ). Let us now calculate the corrections to 0'( w) leading to the L TT in the VCF. For this we start by examining the diagram in Fig. 2 . As is well known, 3 ) the reducible vertex part r pp·(k, w) has the diffusion pole: (5) where Do= EFr/ m is the bare diffusion constant, and No= m/ 2Jrh 2 is the density of state. The contribution, giving rise to a nonanalytic w-dependence of 0'( w) and thus leading to the LTT in the VCF, comes from the region of small k. Taking account of this, we carry out the calculation, as shown in the Appendix, to find (6) where b(w)=( r/ 4Jr )f6 12 ' dx x/ (x-iw). To get Eq. (6) we have used the optical theorem, t(EF+io)-t(EF-io)= -ivFA.n Substituting Eq. (6) into Eq. (1), we have for the VCF,
This power-law decay together with its prefactor agrees with that obtained by Ernst and is not surprising, since both calculations take account of similar scattering processes, where, after a particle is scattered initially by an impurity, it moves around other impurities by diffusion process, and then happens to be again scattered by the initial impurity (see Fig. 2 , and Refs. 1) and 2) ). Similar diagrams as in Fig. 2 were earlier examined by V ollhardt and W olfle. s> They, however, used the lowest Born approximation to calculate the contribution, which gives a correction of order O((h/EFr) order corrections to o(w) as Eq. (6) with respect to the power of n;, leading to the LTT in the VCF. One is given by the irreducible vertex r' pp ( k, w) shown in Fig. 3 ,
This diagram gives the most singular correction to o( w ), which is proportional to ln w, and is regarded as the precursor effect to the Anderson localization in d = 2 as noticed in § 1: 
This is transformed into -(2ks T/ m )( h/ 2lfEFr )( r/
where b(w) is defined below Eq. (6). The corrections in Eqs. (9) and (10) are due to the presence of the particle-particle diffusion propagator (see Fig. 3 ), which has, we think, no correspondence in a classical system. Therefore both terms in Eqs. (9) and (10) are considered to be specific to a quantal system; especially the first term on the right-hand side of Eq. (10) is so too, despite the absence of the Planck constant h in the expression.
We have evaluated the various corrections to o( w ), which have the order of magnitude 0( n,A (6), (9) and (10), and then substituting them into Eq.
(1), we find Eq. (2) rigorously at the order O(h/EFr, n;A 2 ). § 3. Discussion
We have shown the existence of the two kinds of long time tail in the velocity correlation function for the two-dimensional system of independent electrons in the impurity centers at low density: One decays as r 1 and the other as r
•
The former *)Note that the dimensionless small parameters can be written as All and)./[ instead n,A' and h/EFr, respectively, where l is the mean free path and ..1 is the de Broglie wavelength.
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relates to the correction of 6( w ), Eq. ( 9 ), representing the precursor effect to Anderson localization, which comes from collision processes due to the particle-particle diffusion propagator, given by Eq. (8) . The latter consists of two distinct contributions, related to the corrections of 6(w), Eqs. (6) and (10). As shown in § 2, Eq. (6) agrees with the result in the classical Lorentz model. This is obvious since the expression (A·2) for od 11 (w) is the same as that obtained with the ring approximation in the Lorentz modeLn.zJ where intermediate collisions of a particle with impurities, occuring between two subsequent collisions with the same impurity, can be described by the particle-hole diffusion propagator, Eq. (5 ); in it, each collision constituting the intermediate ones is "uncorrelated" with one another (see, for example, Eq. (4·2) of Ref . 2)).
On the other hand, concerning Eq. (10) it will be requisite to add some comments to avoid a confusion which might occur because Eq. (10) includes the same term as Eq. (6). Equation (A·3) leading to Eq. (10) involves the intermediate collisions described by the diffusion propagator Eq. (8 ), where each collision constituting intermediate ones is "correlated" with one another; in other words they represent the multi-site scattering in contrast to the process given by r pp ( k, w) in Eq. (A· 2) which represent the one-site scattering. This difference can also be seen in Eq. (A· 4 ), in fact, by the transformation explained below Eq. (A· 3 ), the intermediate collisions r~p ( k, w) are replaced by r pp·( k, w ), the "uncorrelated" ones, whereas the transformation induces changes in the momentum dependence of the t-matrices, and the results, for example t~p.p' rk• show a kind of interference effects between the initial and the final collision. Thus we consider Eqs. ( 6) and (10) originate from the completely different collision processes: The former from the classical process, but the latter from the quantal one. However, if we assume the special assumption for the t-matrix such as the isotropic scattering, employed in this paper, then we have Eq. (10), which contains accidentally the same term as Eq. (6). We further note that in the lowest Born approximation, t = uo, which is the opposite limit to the quasi-classical one, 91 the correction o6<ll (w) leading to Eq. (6) disappears, while o6< 31 (w) leading to Eq. (10) has the finite contribution, the second term in Eq. (10) with the quantal character.
collisions. The contributions to Eq. (A ·1) from these diagrams, we denoted 8o'n in the text, are written as
where the two t-matrix elements mean initial and final scattering by a single impurity, and r pp ( k, w) is given by Eq. (5) when we use the approximation of isotropic scattering for t-matrix. If we also apply the same approximation to the two matrix elements of ( tR-tA ), Eq. (A· 2) has a factor ( tR-tA )2 = -v F 2 A 2 , where the last equality is due to the optical theorem. Performing integrations over p and p' Eq. (A· 2) is reduced to Eq. ( 6 ).
Next we consider the correction term o<J< 3 > from the processes indicated by Fig. 4 
